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THE SHADOWING LEMMA
IN THE LINEAR CASE

BY JERZY OMBACH

1. The Shadowing Lemma says that hyperbolicity implies pseudo-orbits
tracing property (shadowing property). A number of proofs of this statement
have appeared in various contexts. Roughly, there are two methods of the
proof. The analytic one we will discuss here comes from Anosov and Katok,
see [4]. It has been repeated or rediscovered in [11], [8], [5] and other papers.
Yet, certain technical details which appear in particular situations may cover
up the main idea of the proof. The aim of this note is to demonstrate the
basic idea of the analytic proof of the Shadowing Lemma in the simplest but
nontrivial situztion. Namely, we prove that hyperbolic linear homeomorphisms
in Banach spaces have the pseudo-orbits tracing property (POTP). We also
show that the converse theorem is true in R™. The first statement in R™ was
proved in [6] in a rather geometric way. The second one was proved in [6] and
corrected in [3]. Still, we think our proof is shorter and simpler. At the end
of the paper we establish some generalizations of the above results. We want
to stress that the core of analytic method is, in fact, Proposition 2 below.

Let (X,d) be a metric space, f: X — X be a homeomorphism. An
orbit of a point z € X is a sequence {f"z}ncz. Let § > 0 be fixed. A
sequence {Z,}nez is a §-pseudo-orbit if d(fzn,2nt1) < 6 forall n € Z. The
homeomorphism f has the POTP if for every ¢ > 0 there exists § > 0 such that
given a §-pseudo-orbit {z,},ez thereis a point z € X such that d(frz,z,) <e¢
for all n € Z. f™ means the n-th iteration of f i.e. f0 = idx, frtt = fro f,
n € Z.

Let X be a Banach space, f: X — X be a linear homeomorphism. The
function f is hyperbolic if its spectrum is disjoint with the unit circle.
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THEOREM 1. A hyperbolic linear homeomorphism in a Banach space has
the POTP.

THEOREM 2. A linear homeomorphism in R™ having the POTP is hyper-
bolic.

2. First we state here three lemmas. The straightforward proofs are omit-
ted.

LEMMA 1. Let two metrics di and d; generate the same uniform structure
on the space X. Then, the homeomorphism f has the POTP with respect to
dy iff it has the POTP with respect to d;.

LEMMA 3. If f has the POTP and is uniformly continuous, then f~! has
the POTP.

LEMMA 3. Let (X;,di), i = 1,2 be metric space and fi: X; — X; be
homeomorphisms. Let d be a metric on the product space X = X; X Xo,
compatible with the uniform product structure. Let f: X — X be defined by
F(zy,z2) = (fiz1, faz2). Then both fi and fo have the POTP iff f does.

We recall a well-known result (see for example [1], [2]).

ProrosiTiON 1. Let f: X — X be a linear homeomorphism on a Banach
space. Then f is hyperbolic if and only if the following holds: there exists
Banach subspaces X5, X, C X and a norm on X compatible with the original
Banach structure such that: X = X; ® X, fX; = X,, fXu =Xy, ||fIXs]] <
LX) <1

The main step in the proof of Theorem 1 is the following:

ProrosiTION 2. Let X be a complete metric space, f: X — X be a
contraction (it does not need to be invertible).
Then for every € > 0 there exists 6 > 0 with the following property. Given a
set T, a bijection 7: T — T and a map ¥: T — X with

(1) D(fot,por)<é
there is the unique map ¢: T —> X such that
(2) fop=¢or
and

(3) D(¢,9) <e.
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Here D(a, 3) = sup{d(a(t),5(t)): t € T}.

ProoF. Fix ¢ > 0 and define § = (1 — K)e, where K is a contraction

constant of f. Fix a set T , a bijection 7: T — T and a map ¥: T — X
such that (1) holds. Define

Xe={a:T — X: D(a,v) <}

It is easy to see that X, is a complete metric space with the distance D
defined above. For any o € X, define a map F(a): T — X by

F(a)= foaor™,
Note that

D(F(a),y)=D(foaor™l 4) = D(foa,jor)
<D(foa,fow)+D(fop,ior) < KD(a,p)+6 <e.

Thus F(a) € X, and so F is a map from X, into itself. Moreover, F is a
contraction, as

D(F(a),F(B)) = D(foaor !, fofor™")
=D(foa,fop)< KD(a,pB).

The Banach Contraction Principle completes the proof.

PRrROPOSITION 3. Let f: X — X be a homeomorphism on a complete
metric space. If f is a contraction, then f has the POTP.

Proor. Fix ¢ > 0 and pick a § > 0 in terms of Proposition 2. Let {z,}ncz
be a é-pseudo-orbit. Define T' = Z, 7(n) = n + 1 and ¥(n) = z,. Now,
condition (1) in Proposition 2 is satisfied so we get a map ¢: Z — Z satisfying
(2) and (3). Put z = ¢(0). Condition (2) implies that f*z = ¢(n) for z € Z
and by (3) we have d(f"z,z,) < ¢, what is desired.

Proor or THEOREM 1. Apply Proposition 1 to get the decomposition of
the Banach space X. By Proposition 3, f| X, and f~!|X, have the POTP. By
Lemma 2 f|X, has the POTP and Lemmas 1 and 3 f also has this property.

PROOF OF THEOREM 2. Assume that a linear homeomorphism f: R® —
R™ has the POTP. Then by Lemma 3 its complexification has the POTP and
by the Jordan Decomposition and by Lemmas 3 and 2 maps g of the form:

4) gr=azr, r€C
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or

0

-
- a

(5) gz = z, z€CF,

0 1 a

a — an eigenvalue of f, have this property. We want to show that |a| # 1 for
any eigenvalue a of f. So, assume that |a| = 1 for some eigenvalue a. If g is
of the form (4) we proceed as Morimoto did in [6]. For a § > 0 we define a
§-pseudo-orbit {z,} by z, = na™é. It is not traced by any point z € C for

lg"z — z,| = |a"z — na"6| = |a"||z — né| = |z — né| — oo,

as n — oo. If g is of the form (5) we proceed as follows.
Define points z, € C* by 2, = 0 for n < 0 and for n > 0 by

(n+1)a™t1§
(gmn)Z
Tp4l1 = .

. (gz'n)k

This sequence is a §-pseudo-orbit as for n > 0
lZns1 — g2all = |(n + 1)a™ 1§ — na™t16| = |a" 1|6 = 6.
This 6-pseudo-orbit is not traced by any point z € C* for

lg"z — znll 2 |(9"z — &n)1| = |a™(z)1 — na™]

= |a"||(z)1 — né| = |(z), — né|| — o0, asn —> oo.

Thus, the maps of the form (4) and (5) with |a| = 1 do not have the POTP
and it is a contradiction.

A continuous linear map (invertible or not) is hyperbolic if its spectrum
is disjoint with the unit circle, see for example [9], [10]. If we generalize the
concept of the POTP in a quite natural way, one can repeat Theorems 1 and 2
and their proofs with obvious change.

Namely, we establish the following deffinition of the POTP for maps. Let
X be a metric space and f: X — X a mjp. A map ¢: Z — X such that
#(n+1) = fé(n) for all n € Z is said to be an orbit. A §-pseudo-orbit is a map
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¥: Z — X such that d(¢(n + 1), fip(n)) < § for all n € Z. The map f has
the POTP if for every € > 0 there exists § > 0 such that given é-pseudo-orbit
1 there exists an orbit ¢ such that D(¢,v) < e.

Another property related to the concept of hyperbolicity is expansiveness.
Recall that a homeomorphism f: X — X is expansive if there exists a con-
stant e > 0 such that: d(f"z, f*y) < e for all n € Z implies z = y. It is easy
and known that:

(i) Hyperbolic linear homeomorphisms in Banach spaces are expansive.

(ii) Expansive linear homeomorphisms in R™ are hyperbolic.

Here, we just want to point out that both the above statements and their
proofs correspond to Theorems 1 and 2 and their proofs. In Fact, Lemmas 1, 2
and 3 as well as Proposition 3 hold true if we change the POTP for expan-
siveness. ‘

We show here the proof of the counterpart of Proposition 3 which is essential.

Fix an e > 0 and assume that for some z,y € X and all n € Z we have
d(f"z,f"y) <e. Fixad > 0toe = e in terms of Proposition 2 and put
T =127, 71(n) =n+1, ¢1(n) = f "z, ¢(n) = f*y. Now, ¥ = ¢ satisfies
condition (1). So, there is the unique map Z — X satisfying (2) and (3).
As both ¢, and ¢, satisfy these conditions we have ¢; = ¢, hence z = .
It proves the claim and now the proof of statement (i) is the same as the
proof of Theorem 1. For the proof of statement (ii) it is enough to consider

the complexification and note that for an eigenvector z with an eigenvalue a,
jaf = 1 we have d(f"z, /70) = la"a| = |a]].

Similarly as in the case of the POTP, expansiveness may be defined for
maps, see [7]. Let f: X — X be a map. We say that f is expansive if there
exists a constant e > 0 such that D(¢1,¢2) < e implies ¢; = ¢, for orbits
&1, ¢2. It is easy to see that statements (i) and (ii) are true also for continuous
linear maps.
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